We consider a problem of extrapolating the collision properties of a large polyatomic molecule A-H to make predictions of the dynamical properties for another molecule related to A-H by the substitution of the H atom with a small molecular group X, without explicitly computing the potential energy surface for A-X. We assume that the effect of the −H → −X substitution is embodied in a multidimensional function with unknown parameters characterizing the change of the potential energy surface. We propose to apply the Gaussian Process model to determine the dependence of the dynamical observables on the unknown parameters. This can be used to produce an interval of the observable values that corresponds to physical variations of the potential parameters. We show that the Gaussian Process model combined with classical trajectory calculations can be used to obtain the dependence of the cross sections for collisions of C 6 H 5 CN with He on the unknown parameters describing the interaction of the He atom with the CN fragment of the molecule. The unknown parameters are then varied within physically reasonable ranges to produce a prediction uncertainty of the cross sections. The results are normalized to the cross sections for He -C 6 H 6 collisions obtained from quantum scattering calculations in order to provide a prediction interval of the thermally averaged cross sections for collisions of C 6 H 5 CN with He.
INTRODUCTION
This work is motivated by recent measurements of the thermalization dynamics of benzonitrile C 6 H 5 CN in the cold gas of He [1] . The interpretation of the experiments requires the knowledge of the thermally averaged cross sections for collisions of C 6 H 5 CN with He.
However, the potential energy surface for He -C 6 H 5 CN interactions is, at present unknown and the accurate quantum dynamical calculation of the cross sections for He -C 6 H 5 CN collisions is a formidable task. On the other hand, the interaction of a closely-related molecule C 6 H 6 with He is well characterized and accurate quantum dynamical calculations of the cross sections for C 6 H 6 -He collisions have been previously reported [2, 3] . This raises the question: given the cross sections for C 6 H 6 -He scattering is it possible to make predictions of the cross sections for C 6 H 5 CN -He collisions?
The experimentally measurable cross sections for elastic or inelastic collisions of molecules in the gas phase can be computed by means of quantum scattering or classical trajectory calculations [4] . Any such calculation uses as input the interaction potential energy surface (PES) that governs the molecular dynamics. In general, the PES must be computed for every collision system before the dynamical calculations. The collision dynamics is typically sensitive to details of the PES and the collision properties of different molecules must be obtained from independent scattering calculations with the corresponding PESs. However, for large polyatomic molecules, the substitution of one atom or molecular group with another molecular group may alter only a small part of the global PES. In this case, instead of calculating the PES and the dynamical properties for the molecule with the substituted molecular group, one may consider to determine the effects of the substitution on the collision properties. This would allow one to make predictions about the collision properties of a specific molecule based on the known collision observables for another molecule.
Extrapolating the collision properties between different molecular systems is important for multiple applications. First of all, it can be used to significantly increase the range of molecules amenable to rigorous scattering theory analysis. Consider, for example, the collision properties of benzene C 6 H 6 and benzene substitutes C 6 H 5 -X, where X is a halogen atom or a molecular group. The D 6h symmetry of benzene reduces the numerical complexity of the quantum scattering calculations to a great extent [2] . The absence of this symmetry in C 6 H 5 -X makes the scattering calculations much more computationally difficult, often impossible.
It is, therefore, desirable to develop an approach for predicting the scattering observables for benzene substitutes, given the computed scattering observables for C 6 H 6 . Second, it is often necessary to compare the collision properties of different molecules for calibrating the experimental observations and/or the design of new experiments [5] [6] [7] . However, the direct measurements for some molecular species may often be difficult or impossible.
The extrapolation of the collision observables from one polyatomic molecule to another is a difficult task. Consider, for example, the interaction of C 6 H 6 and C 6 H 5 -X with a He atom. The substitution of H by X distorts the highly symmetric PES for the Hemolecule interaction. If X is a halogen atom, it may be possible to evaluate the effect of the substitution by computing the scattering cross sections for collisions of C 6 H 5 X with He on a distorted benzene -He PES as functions of the distortion within a physically reasonable range of distortions. However, the problem becomes much more complex if −X is a molecular group, such as −CH 3 or −CN. The introduction of the molecular group −X changes the number of the internal degrees of freedom and the distortion of the PES becomes a function of many parameters, determined by the relative positions of the atoms in the molecular group −X. For example, if −X is −CN, the distortion of the PES is a function of 6 parameters. It is impossible to analyze the effect of the −H → −CN substitution on the scattering observables by direct scattering calculations on a grid of these six parameters.
To overcome this problem, we propose to apply the Gaussian Process (GP) model [8] [9] [10] , used for machine learning applications in engineering technologies [11] [12] [13] . Given a set of data depending simultaneously on multiple parameters, the GP model determines the correlations between the data points in the entire data sample and provides a highly efficient, non-parametric interpolation between the data points in the multi-dimensional space. The Gaussian Process model is known to yield good prediction accuracy, when trained by 10 to 100 data points per dimension [14] . An accurate six-dimensional hypersurface of scattering observables can thus be obtained with only 60 to 600 dynamical calculations at randomly chosen values of the 6 PES parameters. Here, we show that this can be exploited to provide a prediction interval of the scattering observables for a molecule A-X, given the scattering observable of the molecule A-H, where A and X are some molecular groups. To provide predictions useful for the experiments in Ref. [1] , we use the GP model for the extrapolation of the scattering cross sections for benzene -He collisions to determine the prediction range of the scattering cross sections for benzonitrile -He collisions.
GAUSSIAN PROCESS MODEL OF SCATTERING CROSS SECTIONS
This work extends our previous contribution [15] , where we proposed to apply the GP model for the analysis of the sensitivity of the scattering dynamics of complex molecules to details of the PES. In the present work we assume that the scattering cross sections of a molecule A-H are known, either from an experiment or from a quantum dynamics calculation.
The goal is to formulate the methodology to explore the effects of the substitution −H → −X on the scattering cross sections without explicitly computing the PES for A-X. We begin with a general formulation and specialize the problem to the collision systems of benzene and benzonitrile with He in the next section.
We assume that X is a molecular group consisting of N atoms. For simplicity, we consider the interaction of the molecules A-H and A-X with a structureless atom Rg and assume that the interaction of A-H and A-X with Rg is described by a single adiabatic PES. This implies that both of the molecules and the Rg atom have closed electronic shells. The substitution of a hydrogen atom with an N-atom molecular group adds 3N − 3 degrees of freedom.
The change of the PES due to this substitution depends on the coordinates specifying the position of each atom in the group −X relative to Rg. The PES for the interaction of the molecule A-X with Rg can be most generally written as A rigorous calculation of the scattering cross sections for collisions of A-X with Rg requires the evaluation of the PES (1) as a function of r and R, followed by the scattering calculations. This is generally a prohibitively difficult task that we want to avoid. Instead, we propose to determine the range of collision cross sections given physically reasonable variations of the PES as a function of the coordinates r i . The specific implementation of this procedure is illustrated in the next section.
The coordinates r i can be written as r i = r
• i + δr i , where r
• i are the coordinates of the atoms in the equilibrium geometry of the molecular group −X, and δr i describe the deviations from the equilibrium geometry. The equilibrium geometry is generally unknown so the equilibrium coordinates r • i must be treated as unknown parameters. The value of the PES change V add (r, R) at each point of r and R can be restricted on physical grounds to be within ∆V (r, R). For the methodology proposed here, it is necessary to represent V add (r, R) by a series of analytical functions characterized by a finite set of parameters • i , the total number of parameters is 3N + 10. This ranges from 16 for a two-atom molecular group −X to 22 for a four-atom molecular group. It is clearly unfeasible to perform dynamical scattering calculations, whether quantum or classical, on a grid of these 22 parameters. We propose to use the GP model to determine the dependence of the cross sections on α, in order to find the prediction interval of the cross sections corresponding to the range of the PES variations ∆V (r, R|α).
We consider the scattering cross section Ω as a function of q parameters described by vector x. The components of the vector
⊤ are the collision energy, the internal energy of the molecule A-X and the parameters α. The cross sections Ω can be calculated by means of a classical trajectory method [16] at fixed values of (α 1 , ...., α k ), A GP can be viewed as a family of random functions normally distributed around a mean function. We denote the GP by F (·). The realization F (x) of a GP at a particular site x of the multi-parameter space is a value of a function randomly drawn from this family of functions and evaluated at x. In the following, we will refer to F (·) as a GP or as a Gaussian random function. A GP is completely defined by its mean function µ(·) and a covariance function K(·, ·). We assume a GP with a constant variance
where R(·, ·) is a correlation function. The random outputs F (x) at fixed x thus form a normal distribution with mean µ(x) and variance σ 2 and the multiple outputs at different
x jointly follow a multivariate normal distribution [17, 18] .
The scattering cross section at each value of x is assumed to be a realization of a Gaussian process F (x). Given a set of cross sections computed at a finite number of values x, the goal is to find µ(·) and R(·, ·). Since the correlation function is fitted to calculated data, the choice of R(·, ·) is somewhat flexible. We use the following analytical form for the correlation function, known as the Matérn correlation function [19] [20] [21] [22] :
where
is the modified Bessel function of order ν and ω i are the unknown parameters representing the characteristic length scales of the correlation variations.
We fix the value of ν to ν = 5/2, which reduces the correlation function to
We find that the Matérn correlation function yields more accurate results for the present application than the popular Gaussian correlation function [19] [20] [21] [22] we used in the previous work [15] . With the Gaussian correlation function, the GP is differentiable to any order.
With the Matérn correlation function with parameter ν, the process is differentiable to order k (k < ν). Thus, with ν = 5/2, the GP is twice differentiable.
The mean of the Gaussian random function F (·) can be modelled as
⊤ is a vector of s regression functions [9, 10] and β = (β 1 , β 2 , · · · , β s ) ⊤ is a vector of unknown coefficients. If the dependence of the cross sections on any of the parameters in x is known, the regression functions h i (x) can be chosen to mimic this dependence. This can make the GP model more efficient, i.e. fewer cross section values may be required to achieve the desired level of accuracy at arbitrary values of parameters. However, we note that the GP model does not rely on any specific form of the regression functions in Eq. (4). In the present work, we assume that h 1 = 1 and h i>1 = 0, which reduces Eq. (3) to a single unknown parameter β. The problem is thus reduced to finding the parameters β, σ 2 and ω = (ω 1 , ω 2 , · · · , ω q ) ⊤ that provide the most accurate correlation function.
The GP model analysis begins with the computation of the cross sections at n input vectors x 1 , ..., x n randomly chosen to cover the allowed interval of the parameters. These vectors are referred to as the training sites. The multiple outputs of a GP at the training
with the mean vector Hβ and the covariance matrix σ 2 A. Here, H is an n × s design matrix with s regressors for each training site x n as the matrix elements
and A is a n × n matrix defined as
If the coefficients ω = (ω 1 , ω 2 , · · · , ω q ) ⊤ are known, the maximum likelihood estimators (MLE) of β and σ 2 are given in terms of H and A [8, 9] :
where the hat over the symbol denotes the MLE. To find the MLE of ω, we maximize the log-likelihood function logL(ω|Y
numerically by an iterative computation of the determinant |A| and the matrix inverse A −1 .
The goal is to make a prediction of the cross section at an arbitrary input vector x = x 0 ,
given the values of the cross sections at the training sites. The values Y 0 = F (x 0 ) obtained by multiple realizations of the GP at x 0 and the multiple outputs of the GP at training sites
⊤ is a column vector specified by the correlation function R(·|ω) with the MLE of ω. This means that the conditional distribution
with the conditional mean and variance given by
Note that the conditional mean given by Eq. (13) is shifted from the unconditional mean equal, in our case, to β due to the point-to-point correlations R(·, ·). Replacing Y n in Eq.
(13) with the vector of the known cross section values
, we obtain the GP model prediction for the value of the cross section at x 0
FROM BENZENE TO BENZONITRILE
In this section we apply the GP model to predict the cross sections for elastic scattering of benzonitrile (C 6 H 6 CN) with He, required for the interpretation of the experiments on cooling polyatomic molecules in a buffer gas of He [1] . The PES for C 6 H 5 CN -He is currently unknown. The quantum scattering calculations of cross sections for collisions of C 6 H 5 CN
with He are prohibitively difficult. At the same time, the interaction of benzene (C 6 H 6 ) with He can be accurately described using a semi-empirical bond-additive method [23, 24] and the cross sections for collisions of C 6 H 6 with He can be computed using an accurate coupled states approach [25, 26] based on the time-independent quantum scattering theory [2] . In the present section, we show how the GP model can be used to obtain the range of the cross sections for He -C 6 H 5 CN collisions, given the cross sections for He -C 6 H 6 collisions.
We use the semi-empirical approach of Pirani and coworkers [23, 24] for constructing the PES for the interactions of the polyatomic molecules with He. This method treats a polyatomic hydrocarbon molecule as an ensemble of C-C and C-H bonds and represents the PES for the molecule -He interaction as a sum of pairwise He -CH bond and He -CC bond interaction energies, optimized based on accurate ab initio calculations and measurements of bond polarizabilities. This method of representing the PES is particularly well suited for the analysis of the −H → −X substitution on the molecular scattering properties using the GP model described in the previous section.
Within the approach of Pirani and coworkers [24] , each He-CH and He-CC bond interaction is represented by the following analytical function:
r is the distance between the atom and the center of the bond, and x is the reduced distance x = r/r m (θ), where r m (θ) is the position of the potential well and ǫ(θ) is the energy at the bottom of the potential well. The parameters ǫ ⊥ , ǫ , r m⊥ and r m represent the well depth and location for the parallel and perpendicular approaches of the He atom to the corresponding bond and θ is the angle between the bond axis and the vector connecting the He atom to the center of the bond axis. The eight parameters specifying the PES for the He -C 6 H 6 interaction are given in Table I . The distances are given inÅ and the energies are in meV.
In order to construct the PES for the He -C 6 H 5 CN interaction, we use the same approach.
However, the PES for the He -C 6 H 5 CN system must include, in addition to the aromatic CC -He and CH -He interactions, the parameters describing the interaction of the He atom with the non-aromatic single CC bond and the −CN bond fragment. The parameters for the He -non-aromatic, single CC bond interaction are known from the work in Refs.
[ 24, 27] and are listed in Table I . The parameters for the He -CN bond interaction are, at present, unknown and we propose to treat them as variable parameters. The PES for He -C 6 H 5 CN collisions is thus parametrized by twelve parameters listed in Table I by the ratioΩ qm /Ω ct , whereΩ qm is the thermally averaged cross section for He -benzene collisions computed with the coupled states method [25, 26] andΩ ct is the same cross section computed with the classical trajectory method used for benzonitrile.
Our first goal is to obtain the range of the cross sections corresponding to a physical variation of the He -CN bond interaction parameters r * m⊥ , r * m , ǫ * ⊥ , ǫ * and the atommolecule collision energy. Figure 2 shows the variation of the cross sections as a function of one of the PES parameters, with the remaining PES parameters and the collision energy chosen for each point at random. As evident from Figure 2 , the scattered points cannot be assumed to follow any well-defined dependence.
We obtain the global dependence of the cross sections on the four PES parameters and the collision energy by computing the cross sections at 100 points, placed randomly and quasi-uniformly, in this 5D parameter space. These points are used to train the GP model as discussed in the previous section. Given the GP model, we compute the global 5D surface illustrated in Figure 3 . In order to demonstrate the accuracy of the global 5D surface, we computed the cross sections at a different set of 100 points randomly chosen in the 5D parameter space. Figure 4 compares the predicted values with the computed values for these 100 points.
In order to quantify the error of the GP model, we compute the empirical root mean squared error (ERMSE) defined as
and the scaled root mean squared error (SRMSE) defined by ε S = ε E /(y max − y min ). In Eq. to examine the variation of the collision energy dependence of the cross sections as the four parameters are varied within the physical ranges specified in the previous section. This produces a band of the cross section values for each value of the collision energy presented in Figure 5 . The results illustrate that the physical variation of the PES parameters describing the interaction of the He atom with the CN group changes the cross sections by less than 33 %, with the percentage defined as the difference between the maximum and minimum values divided by the mean value. The computation of the cross sections for benzonitrile -He collisions with an accurate PES must fall within the grey area of Figure 5 with the probability 95 %.
Since the GP model provides the global dependence of the cross sections on the underlying parameters, it is possible to perform the analysis of the sensitivity of the cross section variations to the individual PES parameters by using the functional analysis of variance decomposition [30] [31] [32] . The results shown in Figure 6 illustrate that, of the four unknown parameters, ǫ * has the biggest effect on the variation of the cross sections. This allowed us to obtain the prediction interval (Figure 7 ) of the collision cross sections for C 6 H 5 CN -He collisions without the knowledge of the potential energy surface.
This work illustrates that the Gaussian Process model can be used for a variety of applications in molecular dynamics research. For example, once the function Ω(α) is obtained, it can be used to perform the sensitivity analysis (such as in Figure 6 ) to determine which of the PES parameters is more or less important in determining the collision observable Ω.
The dependence of Ω on the collision energy, which is treated as one of the unknown model parameters, can be used for an efficient integration of the collision properties to obtain thermally averaged observables. The function Ω(α) can be used to integrate out the dependence of the collision observables on the PES parameters, thereby minimizing the uncertainties associated with inaccuracies of the PES calculations and providing the error bars associated with the uncertainties of the PES calculations.
The computational effort associated with training the Gaussian Process model is determined by matrix inversion and scales as the third power of the number of training points.
Given that the number of training points required for accurate predictions is typically 10 times the number of unknown parameters and that it has now become routine to invert matrices with the dimension of 1000 × 1000, the methodology proposed here can be applied to determine the dependence of the scattering observables on up to 100 unknown parameters. It is thus easy to envision an application where the Gaussian Process model is used to characterize the dependence of a dynamical observable on all PES parameters describing the interaction of two polyatomic molecules. This dependence can be used to determine which of the atoms in the two molecules are important for the detectable outcome of the molecule -molecule interaction and which of the atoms can be parametrized by simple functions irrelevant for the outcome of the interaction.
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